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Abstract: We construct travelling wave graphs of the form z = —ct + (j>(x), (j) : x £ l^" 1 i— > 
4>{x) £ K, N > 2, solutions to the iV-dimensional forced mean curvature motion V n = —cq + k 
(c > Co) with prescribed asymptotics. For any 1-homogeneous function cf)^, viscosity solution to 
the eikonal equation |-D0oo| = i/(c/co) 2 — 1, we exhibit a smooth concave solution to the forced 
mean curvature motion whose asymptotics is driven by (j)^. We also describe (f)^ in terms of a 
probability measure on S . 

Resume: Nous construisons des ondes progressives sous la forme de graphes z = —ct + 4>(x), 
(/) : x € R^ -1 i—)- (j)(x) G M, ./V > 2, solutions du mouvement par courbure moyenne force 
V n = — cq + k (c > co) en dimension N d'espace et avec un comportement asymptotique prescrit. 
Pour toute solution de viscosite (j)^, 1-homogene en espace, de Pequation eikonale |-D^>oo| = 
^/(c/co) 2 — 1, nous mettons en evidence une solution reguliere et concave du mouvement par 
courbure moyenne force dont le comportement asymptotique est donne par i^. Nous decrivons 
aussi 0OO en terme d'une mesure de probabilitA© sur la sphA"re S^ -2 . 

Keywords: forced mean curvature movement; eikonal equation; Hamilton-Jacobi equations; 
viscosity solution; reaction diffusion equations; travelling fronts; 



1 Introduction 

1.1 Setting of the problem 

The question investigated here is the description of the travelling wave graph solutions 
to the forced mean curvature motion in any dimension N > 2, that is written under the 
general form 

(1) V n = -C + K 

where V n is the normal velocity of the graph, k its local mean curvature and Cq a given 
strictly positive constant to be defined later. A graph satisfying (Op) can be given by the 
equation z = u(t,x) where u : (t,x) G M + x M^^ 1 i->- u(t,x) G Mis a solution to the 
parabolic equation 

u t _ , _„__ ( Du \ ± __ n _ m N-i 



(2) - = -c + div - , t > , x G 

Vi + l^l 2 \y/i + \Du\y 

Indeed, at any time t > fixed, the outer normal to the subgraph {(x, z) G M^" 1 x R | z < 
w(t,x)} is given by 

n = X f "^ M 

v/l+l^l 2 V ! 

its normal velocity V n by (0, d t u) T ■ n while its mean curvature by k = — div( XjZ ) n, see [9]. 
A travelling wave to §Z§ is a solution of the form u(t,x) = —ct + 4>(x) where : x G 
IR^ -1 i— >■ 0(x) £ 1 is the profile of the wave and c > Co is some given constant standing 
for its speed. Thus </> satisfies the following elliptic equation 

(3) - div ; ZZ I + c . ° = , x G M^ 1 

v/1 + 1^01 2 

1.2 Connection with reaction diffusion equations 

This work should provide us a better understanding of the multidimensional solutions to 
the non linear scalar reaction diffusion equation 

(4) dtV = Av + f(y), t>0, (x,z) G M^" 1 xR 

where v : (t,x,z) G [0, +oo) x R^ -1 xl4 v(t,x,z) G K. and, especially the case of 
travelling waves in dimension N. In the case of a "bistable" nonlinearity /, that is to say 
when / is a continuously differentiable function on K satisfying 

i. /(0) = /(l) = 

ii. /'(0) <0andf(l) <0 

iii . there exists 9 G (0, 1) such that f(v) < for v G (0, 9), f(v) > for v G (6 1 , 1) 



iv. / f(v)dv>0, 

Jo 



'o 

it is well-known [T3] that there exists a one-dimensional travelling front v(t, z) = <fr (z+Cot) 
solution to (jl]) with N — 1. The speed Cq is unique and strictly positive by [iv] while 
the profile 0o is unique up to translations. This result defines the constant cq > that 
appears in equation ([1]). 

In the case N = 2, multidimensional solutions to fl4]) are well understood. Paper [TO] 
proves the existence of conical travelling waves solutions to fll]), and paper [TTJ classifies 
all possible bounded non constant travelling waves solutions under rather weak conditions 
at infinity. In particular, it is proved in [TTJ that c> c and, up to a shift in i 6 1, either 
u is a planar front 0o(±xcosa + zsina) with a = arcsin(co/c) e (0, |] or u is the unique 
conical front found in [TO] . 

In higher dimensions, less is known. In [TT], Hamel, Monneau and Roquejoffre proved 
the existence of conical travelling waves with cylindrical symmetry whose level sets are 
Lipschitz graphs moving away logarithmically from straight cones. Some special, non 
cylindrically symmetric pyramidal- shaped solutions (Taniguchi, [16]) are also known in 
the particular case N = 3. 

Thus, in order to get a better understanding of the mechanisms at work, we further 
the idea of bridging reaction-diffusion equations with geometric motions. In particular, 
travelling wave graph solutions to the forced mean curvature motion go back to Fife [Hj. 
He proved (in a formal fashion) that reaction-diffusion travelling fronts propagate with 
normal velocity 

Vn = -Co + T + (^) , t»l. 



t \t\ 

For a mathematically rigorous treatment of these ideas, we refer for instance to de Mottoni, 
Schatzman [B] - small times, smooth solutions context - and Barles, Soner, Souganidis [TJ 
- arbitrary large times, viscosity solutions context. 

Related results must me mentioned in the case of a balanced bistable non-linearity /: 
assumption iv. is replaced by J f(v) dv — and (J3J) is called the balanced Allen-Cahn 
equation. In this case, Co = and the forced mean curvature equation is replaced by 
the mean curvature equation. Chen, Guo, Hamel, Ninomiya and Roquejoffre [3] proved 
that there exist cylindrically symmetric traveling waves with paraboloid like interfaces 
solutions to @ in dimension N > 3. Precisely, they proved that those solutions' level sets 
are asymptotically given by the equation z = 2 in-i) \ x \ 2 - ^ n ^ ne °ther hand, Clutterbuck, 
Schnurer and Schulze [1] proved that there exists a unique rotationally symmetric, strictly 
convex, translating graph u(t, x) = —ct + <f>(r) to the mean curvature motion ([3]) with 
Co = and whose asymptotics is given by 

c (\ 

-r 2 -lnr + C + 



^ v ' 2(JV- 1) V r 

Further works have also been done in the non radial case for the mean curvature equation. 
For instance, Xuan Hien Nguyen [15] built non radial and non convex translating graphs 
solution to (J3J) with c = 0. 



1.3 Main results 

Our theorem 11.11 below states that, given a 1-homogeneous solution 0oo to the eikonal 
equation derived from ([3]) (i.e. the equation obtained by removing the curvature term) 
there exists a smooth solution to the forced mean curvature motion equation ([3]) whose 
asymptotic behaviour is prescribed by 0oo. Here is the precise result. 

Theorem 1.1 (Existence of solutions with prescribed asymptotics in dim. N) 

Let N G N \ {0, 1}, a G (0, |], c > and c = c /sina. Choose 0^ a 1-homogeneous 
viscosity solution to the eikonal equation 

(5) \D(f) 00 (x)\=cota , xeR N ~ l . 

Then there exists a smooth concave solution G C 00 ^^ -1 ) to ([3]) such that 

(6) 0(x) = 4>oo(x) + o(\x\) as \x\ — > +oo. 

This is the most possible general result. However, due to the possible complexity of a 
solution to the eikonal equation (JSJ), it is useful to specialise our result to the particular 
case of a solution with a finite number of facets. 

Theorem 1.2 (Solutions with finite number of facets in dimension N) 

Let JVeN\ {0, 1}, a G (0, |], c > and c = Co/sina. Choose <fi* a viscosity solution to 
the eikonal equation (J5J) given for any x G IR^ -1 by 

(7) <fi*(x) — inf (—(cot a) x ■ v + 7„) 

where A is a finite subset of cardinal k G N* of the sphere E> N ~ 2 and 7„ are given real 
numbers. Then there exists a unique smooth concave solution G C^IR^" 1 ) to ()3]) such 
that 



2\nk 

— <0- 

Co sm a 


0* < , x G M^ 1 


lim sup 

^ + °° dist(x,E x )> 


|0(x)-0*(x)|=O 



where E^ is the set of edges defined as 

E OQ = {x G M^" 1 | 0oo is not C 1 at x} 
with the 1-homogeneous function 

^oo(^) = m f (—(cot a) x ■ v) 

u£A 

In space dimension N = 3, we obtain a more precise result by considering solutions 
having a finite number of gradient jumps. Those solutions are still more complex than 
the infimum of a finite number of affine forms. Here is the precise result. 



Theorem 1.3 (Solutions with finite number of gradient jumps and N = 3) 

Let a G (0, |], c > and c = Co/sina. Choose (f)^ a 1-homogeneous viscosity solution 
to the eikonal equation (J5J) in dimension N = 3 wit/i a finite number of singularities on 
S 1 . Then, there exist 

i. a 27r -periodic continuous function ipoo '■ G [0, 27r] H- ipoo{0) G [— cot a, cot a] and a 
finite number k G N\ {0} o/ angles Q\ < ■ ■ ■ < 9k in [0, 27r) such that 

0oo(r cos 0,r sin0) = r^oo(^) , (r, 0) G M + x [0,2tt) 
Moreover, for any i G {1, . . . , fc}, 

a. Either V0 G [0$, 0i+i], ^oo(0) = —(cot a) and we sei o~j = 1 




ii 2 



j+dj+i a 

O 1 " 



"0oo(0) — —(cot a) cos(0 — 0j) 

and we set a-i = 
^00(0) = -(cota)cos(0 - i+ i) 



.By convention, 9k+i = 2ir + 0\ and o~k+i = o~±. If k > 2, then OiOi+x = /or any 
iE {l,...,fc}. 

ii. a smooth concave function <fi G C 00 ^ 2 ) solution to equation (^ such that when \x\ 
goes to infinity 

0(x) = 0*(x) + O(l) 

where 

I I cr, cos a 

(9) <l>*(x) = : ln / e JL ^ x ' v dfi{u) 

Co sm a \J n i 

and \x is the non negative measure on S 1 with finite mass determined by ip^ as 
follows: We set fi = Yli=i A 4 * where for any fixed A > 0, we set 

a. If Oi = 1, then m = %,0 i+1 ) d0 + \ (5g t + 6 di+1 ) 

(with the exception for k — 1: fj,\ — ^I(e 1 ,e 1 +2ir) d0^. 

b . If <Ji = 0, then ^ = X (5 9i + Sg i+1 ) 

We plan to use our travelling graphs for the forced mean curvature motion exhibited 
in theorems 11.11 to 11.31 in order to construct mult i- dimensional travelling fronts to the 
reaction diffusion equation (J3J); we plan to do it in a forthcoming paper. 

That equation (J3J) prescribes the asymptotic behaviour of ([3]) has nothing surprising: 
let e > and denote by <j) e the scaled function 

%\ — JV-l 



£0 [ - I , X G 
>£ 



Since is a solution to (J3J), £ satisfies 



-£ div I - I + c ; = , x G K 7 ^ 1 

5 



Let e go to zero. If adequate estimates for <p £ are known, (a subsequence of) (<p £ ) £> o 
converges to a function (p^ satisfying (J5J). 

The proof of Theorem 11.11 is done by a sub and super solutions argument. We first 
construct a family of smooth sub-solutions to fl3]), which will give us some better insight 
in the equation. This step is quite general, and works in any space dimension. Then, we 
will construct a Lipschitz super-solution whose rescaled asymptotics is prescribed by 0^ 
and this will give us a smooth solution whose asymptotic behaviour is not well precise. 
To get a better asymptotics of the super-solution prescribed by the sub-solution, this will 
require a more delicate matching procedure which will limit us, for the moment, to any 
space dimension iV with a finite number of facets (theorem II. 2p or to the space dimension 
N = 3 and a finite number of gradient jumps (theorem II. 3p . 

The rest of this paper is organised as follows. In section [2} we build and characterise 
all 1-homogeneous solutions to the eikonal equation (jHJ). In section |3l we detail Perron's 
method in our context, and explain why it will yield a smooth concave solution. Sub- 
solutions are built in section [4j and super- solutions in section [5j Finally, section [6] sums 
up previous constructions to prove theorems 11.11 and 11.21 Section [7] presents a more pre- 
cise approach in dimension N = 3 and details the proof of Theorem 11.31 An appendix is 
devoted to the Laplace's method that we use in our estimates. 

Acknowledgments. The first author was partly supported by the ANR project MICA, 
the second and third ones by the ANR project PREFERED. They acknowledge a fruitful 
discussion with G. Barles and thank C. Imbert for enlightening discussions on his paper 
|12] , They are also indebted to H. Berestycki and CAMS Center of EHESS in Paris for 
their hospitality while preparing this work. 

2 Eikonal equation 

In this section, we classify the continuous viscosity solutions to the eikonal equation in 
any dimension N > 2: 

(10) \D<f> 0O (x)\=cota, 16R 14 

where a G (0, |] is some given angle. In a first subsection, we are interested in the general 
case. In a second one, we reduce our study to 1-homogeneous functions and give a better 
description of those solutions in order to use them in both sections 0] and 

2.1 Characterisation of solutions to ( HOT) in any dimension N 

For any unit vector v G E> N ~ 2 and 7 G (—00, +00], let us define the affine map 
4>u,j(x) = —(cot a) v ■ x + 7 G (—00, +00] , x G IR^ -1 

Proposition 2.1 (A Liouville theorem for the eikonal equation) 

Let 0oo G C^M^ -1 ). Then (f)^ is a viscosity solution to the eikonal equation l[T0\) if and 
only if there exists a lower semi- continuous map 7 : E> N ~ 2 — > (—00, +00] such that 

(11) (p^x) = inf 0„, 7 („)(a;) 



Moreover 0^ is 1-homogeneous if and only if for all v G § , 7(f) € {0, +00}. 

This result is most certainly known. Because we not only need the result but also an 
insight of the construction, we give a complete proof. 
Proof of Proposition 12.11 

We first show the direct implication. Let 0oo G C^IR^" 1 ) be a viscosity solution to ( flOl) . 
We shall prove that 0^ is (cot a)-Lipschitz and concave before giving its characterisation 
as an infimum of affine maps. 
Step 1: 0oo is locally Lipschitz 
Let us consider the ball B(a, R) centered in a G IR^ -1 with radius R > 2 and define 

C := SUp |0ooO) ~ (fioo(y)\ 

\x-y\<l, {x,y)eB(a,R)2 

Because 0^ is continuous, < C < +00. Denote C = max(C, cot a) G (0,+oo). Then 
we claim that for any (x, y) G B(a, R — l) 2 such that \x — y\ < 1, we have 

(12) \Mx)-(j )oo (y)\<C\x-y\ 



which asserts that 0^ is locally Lipschitz. Indeed, for any point Xq G B(a,R — 1), any 
constant C > C and any A > 0, we consider the function ip\ defined as 

il>x(x) := X + <f)oo{xo) + C\x - x \ , xeR N ~ x 

and we set 

A, = inf J A G K + I V^u > A , Va; G B(x , 1) , ip^x) > 0oo(x)} 

We shall prove by contradiction that A* = 0. If not, because ip > 0^ on {x }UdB(x , 1), 
there exists a contact point z between ipx* an d 0oo which satisfies z G B(x , l)\{x }. 
Then ip\ f is &_ test function for the viscosity subsolution 0^ at that point. Because 
|V-0a, (zq)\ = C > cot a, we get a contradiction with the viscosity subsolution jnequality. 
Therefore A* = and if; > 0oo_on B(x ,l). Because this is true for any C > C, we 
deduce that this is still true for C = C which implies ( TT2"j) . 

Step 2: 0oo is (cot a)-Lipschitz 

We now define 

t v t -+i t f <Poo(y) - <froo(x) ^-^7 — 5 — =r 1 1 , 1 

L = hmsupL n with L n := sup < : : , x£B(a,R — 2), \y — x \< — 

n->+oo [ \y — X\ U 

Notice that for any n G N*, < L n < C. Moreover, there exists a sequence (x n ,y n ) ne N* 
such that 

lim °° — — — = L and \y n — x n \ < — with x n G B(a, R — 2) 

n^+00 \y n -x n \ n 



Define for any x G 



dJV-1 



\y n -x n \, <pn{x) = and i/„ = G§ 



Thus (</>n(^n)) nS N* converges to L as n goes to infinity and for any x G 5(0, 1), |0 n (x)| < 
L n |x|. Because Lip(0 n ; B(0, n)) < C, we see that up to a subsequence, ((p n ) n m* converges 
locally uniformly on IR^ -1 to <po a viscosity solution to (fTUj) . Moreover, (z/ n ) neN , converges 
to u Q G S^ 2 with 

0o(^o) — L and for any x G IR^ -1 , 0o(z) < -^M =: VK 2 ') 

Because ip touches 0o from above at u , we conclude from the viscosity inequality for 
subsolutions that 

L < cot a 

Now for any e > 0, there exists n £ G N* such that L n < L + e for any n > n £ . In 
particular, for any (x, y) G -B(a, R — 2) we can split the segment 



ly — x\ 1 
j [X'j, Xj +] j wiui xq = x , xk = y ana |Xj +] - Xj| = 

..,x-i 
This implies that 



[x, y}= II [xt, x i+1 ] with x = x , x# = 1/ and \x i+1 - x t \ = - ~ 

v - x A 77. 

j=o,...,-R:-i 



,(s) -0oo(z/)| < (L + e)|x-y| 



which is true for any e > 0. This implies that <p is L-Lipschitz on B(a,R — 2) with 

L < cot a. 

Step 3: (p^ is concave 

Because (p^ is a Lipschitz stationary viscosity solution to the evolution equation 

u t + H(Du) = , x G M^ 1 where H(p) = -(p 2 - cot 2 a) , p6 M^" 1 
we can apply Lemma 4 page 131 in j7], and get that (p^ satisfies for any t > 

0oo(x + a/) - 20 oo (x) + 0oo(x - x') < C ^, for all (x,x') G M 2 ^" 1 ) 

and we can check that we have Co = 1. Letting £ go to infinity shows that 0oo is concave 

in R N ~\ 

Step 4: Tangent cone 

Since (p^, is Lipschitz continuous, it is differentiate almost everywhere by Rademacher's 

theorem. Let D C R^ -1 be the set of differentiability of cp^ and fix xq G D. Since (p^ is 

concave, for any x G IR^ -1 , we have 

0ocO) < 0oo(^o) + Dcp^Xo) ■ (X - Xq) 

Passing to the infimum on D, we get for any x G M^ -1 , 

0ooO) < ip(x) := inf 0oo(x o ) + Dcp^x^) ■ (x - x ) 
x eD 

Thus, ip and (p^ are (cot a)-Lipschitz functions that coincide on D which is a dense set 
on IR 7 ^ 1 . Therefore, they are in fact equal on IR^ -1 . Using equation f lTOj) . we finally have 

000.(30= inf — (cot a) z/(x ) • x + g(x ) 

x £D 

8 



where for any x G D, u(x ) = — D0 oo (xo)/cot a G E> N 2 and g(x ) = 0oo(^o) — x o " 
D^vo^xq) G M. Defining 7 as 

7: §^ 2 -)• (-00, +00] 
(13) ^ ^ f M XQ&A g{x ) if A := {x G D | i/(x ) = ^} 7^ 

1 +00 otherwise 

we get the desired characterisation (TTT|) . Since 0^ is continuous, we also deduce from 
( TTTj) that 7 is lower semi- continuous. 
Step 5: The 1-homogeneous case 

We assume that 0oo is a 1-homogeneous continuous viscosity solution to ( FlOl) . Then for 
any xo G R^ -1 , there exists p G M^ -1 with |p| = cot a such that by f fTTT) 

VxGlR^ 1 , 0oo(^) < 0oo(^o) +P- (x - x ) 

On the one hand, considering x = 0, we get 

p-a^o < 4>oo(x ) 

because 0oo is 1-homogeneous. On the other hand considering Ax instead of x and taking 
the limit A — > +00, we get 

ijj{x) := p ■ x > (poo(x) with equality at x = xo . 

Therefore if we call £</ loo the set of linear functions ip satisfying ip > (p^ such that | Vip\ = 
cot a, we have 

0oo = inf ip 

because this is true at any point xq G IR^" 1 . 
Step 6: Conclusion 

Conversely, if a function 0oo is given by ( ITT]) , then it is straightforward to check that (f)^ 
is a viscosity solution to ( TTOl) . ■ 



Remark 2.2 In dimension N = 2, the previous proposition simply reads: 

If N = 2 and a G (0, |], ^oo zs a viscosity solution to ([TO]) z/ and on/y z/^oo zs affine or 

if there exists (xo,|/o) G M 2 sitc/i £/ja£ 

(14) 4>oo{x) = — (cot a) \x — xq\ + yo > x G IR 

Moreover, tp^ is 1-homogeneous if and only if yo = 0. 

T/ie proof of this proposition can also be done directly from definitions of viscosity 
solutions and we omit the details. Notice however the link with f7Q| /: two-dimensional 
reaction diffusion waves are either planar fronts or the unique (up to translations) conical 
front whose level sets are asymptotics to the graph of (f)^ just described. 



2.2 The 1-homogeneous case 



As stressed is theorem 11.11 we only build solutions to the forced mean curvature motion 
equation ([3]) whose asymptotics is prescribed by a 1-homogeneous solution to the eikonal 
equation (TTOl) . Therefore, it is worth emphasising this particular case. 

Notice however that there exist viscosity solutions to the eikonal equation (fTUj) defined 
in M^ -1 that are not homogeneous of order 1. For instance, consider solutions given by 
(1141) with x G M^" 1 and yo ^ 0. We can also consider any translation of a 1-homogeneous 
solution. Another example is for instance given in dimension N = 3 by a function 0^ = 
infj =li4 0j where (0t)iefi...4} are f° ur planar solutions defined for x = (xi,^) G R 2 by 

0i(x) = —(cot a) x\ + 2 02(x) = (cot a) x\ + 2 
03 (x) = —(cot a) x 2 04 (x) = (cot a) x 2 

It is straightforward to check that 0^ satisfies |.D0oo| = cot a in the viscosity sense and 
that it is not homogeneous of order 1 since there exists A > such that 0oo(A,O) ^ 

A0oo(l,O). 

In any case, a solution 0^ to the eikonal equation ([TO]) is concave (see the proof of 
proposition 12.11 step 3). Therefore the function g : A G M + * H- g{\) = oo (Ax)/(A|x|) G E 
is decreasing in A > 0. Since 0oo is (cot a)-Lipschitz, g is bounded from below and for 
any x G S^ -2 , the limit 

0oo(Ax) 
hm — — -J — 

exists and 0OO is asymptotically homogeneous. Thus we have a fairly general understand- 
ing of what is going on by restricting ourselves to homogeneous solutions to equation 

Proposition 2.3 (A countable characterisation of homogeneous solutions) 

Let 0oo G C^M^ -1 ). Then 0oo is a 1-homogeneous viscosity solution to the eikonal equation 
( TTUj) if and only if there exists a sequence (^j)j e N of E> N ~ 2 such that 



(15) 0oo(x) = inf —(cot a) Ui ■ x 

Proof of Proposition 12.31 

Let 0oo G (^(IR^ -1 ) be a 1-homogeneous viscosity solution to (fTUj) . According to propo- 
sition [2TTJ, there exists a lower semi continuous function 7 defined from S N ~ 2 to {0, +00} 
such that 

0oo(x) = inf Ivr („) (x) , 1 6 M 1 " 1 

Then K = {v G S^ -2 | 7(1/) = 0} is a compact set of S^ -2 . We claim (see lemma I2T41 and 
corollary 12.51 below) that there exists a sequence (z^)ieN of S^ -2 such that 



K=\J{ui] 



Thus, 0oo(x) can be described as the infimum over v G K of the linear functions —(cot a) x- 
v. Since Uj G n{^} is dense in K, 0oo(x) can also be written as the infimum over i6 N 
of the linear functions —(cot a) x • v^. This ends the proof of proposition 12.31 since the 
converse implication is straightforward. ■ 
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Lemma 2.4 (Decomposition of a compact set of E> N 2 in cubes) 

For any compact set K ofS N ~ 2 , there exists a countable family (Qi)ieN °f closed cubes 
o/R^" 1 such that 



(16) 



VneN, K c |J Qi 

i>n 

Vz G N , Qi n K + 
limsup diam(Qi) = 



Proof of Lemma 12.41 

We built this decomposition in cubes by induction. Let Cq = [—1, l]^ -1 be the first cube 
of width 2. Thus K C Cq. Since Cq fl K is not empty, we divide Cq in 2 7V_1 smaller 
cubes of width 2° = 1. We call C\^ for i = 1 . . . ri\ those whose intersection with K is not 
empty Then, 1 < n\ < 2 N ~ l and 

m 
K c U^M 

i=l 

In the same way, for i = 1, ..., m, we divide each cube C\^ in 2 Ar_1 smaller cubes of width 
2" 1 and keep only those whose intersection with K is not empty. We call them C 2j k for 
k = 1 . . .n 2 and 1 < n 2 < 2 7V ~ 1 n 1 . Then, one can easily verify that if C U/ c= i... n2 C2 ! fc. 
Assume the cubes C^, are built for j G N, i = 1 . . . n, and 1 < rij < 2^ N ~^ such that 

r * c u^i c^ 

< Vz = 1 . . . rij , C jti nif/0 
k diam(C i ,i) = 2^' +1 

Then we construct the cubes Cj+n as follows. We divide each cube Cj^ into 2 N ~ 1 smaller 
cubes of width 2~i and keep only those whose intersection with K is not empty. We call 
them Cj + i t i for i — 1 . . . rij+i and 1 < Uj + \ < 2 N ~ l nj < 2^ +1 ^ N ~ 1 K By construction, it is 
easy to verify that 

K C US 1 C i+M 

Vz = 1 . . . n i+1 , C j+lti n if/ 

diam(Cj + i i j) = 2 _J 

The induction is then proved. We thus construct a countable family of cubes that we 
recall (Qj)jeN for convenience with the desired assumptions ( 1T61) . This ends the proof of 
lemma I2~4l ■ 

Corollary 2.5 (Representation of a compact set of S N ^ 2 ) 

For any compact set K ofE> N ~ 2 , there exists a sequence (i^)jeN ofE> N ~ 2 such that 



K=\J{v j } 
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Proof of Corollary 12.51 

For K a compact set of S^ -2 , we define {Qj)j£n a family of cubes as proposed in lemma 

12.41 For any j G N, we choose i/j G K fl Qj. Then, it is straightforward to check that 



Uj e ^{vj} C K. Regarding the converse inclusion, we fix x G K and e > 0. By (fl6 
there exists n e G N such that the width of cube Qi is smaller than e provided i > n 
Since K C Uj> n£ Qj, there exists z £ > n £ such that 



^o ^ Qi £ an d |a?o — v i e \ — zVN — 1 
This shows the density of \Jj e ^{i/j} in i^ and ends the proof of corollary 12.51 ■ 

3 Perron's method and comparison principle 

In this section, we are concerned with the forced mean curvature motion equation 

(17) - div (—£j=)+co- , C =0, iGR 1 - 1 

\y/l+\D<j>\*J VT+WW 

with the condition at infinity 

(18) 0(x)=0 oo (x) + o(|x|), iGl^ 1 

where 0^ is a homogeneous viscosity solution to |-D0oo| = cot a found in section [2] with 
a = arcsin(co/c) G (0, |]. We choose to solve ( 1T7|) using Perron's method with sub and 
super-solutions (see [5] or [9]). Let us first recall the existence process and clarify the 
regularity of the solution in the following 

Proposition 3.1 (Existence of a solution to (fT7|) in dimension N) 

Let N G N \ {0, 1}, (co,c) G M 2 swc/i t/iat c > Cq > 0. Assume that 0* is a viscosity 
sub-solution and 0* a viscosity super- solution to (fT7|) swc/i t/iat 0* < 0* on M^ -1 . 
Then, 

i) there exists a function G [0*, 0*] viscosity solution to ( fT7|) . 
ii) Moreover, if 0* is concave, and satisfies the following technical condition: 

(19) there exists p G ~R. N ~ l such that limsup j — j < 0, 

\x\— >+oo |>£| 

then can be chosen concave and smooth. 

Proof of Proposition 13.11 

We build the solution using Perron's method directly in the framework of viscosity 

solutions to ( 1T7|) . that is to say is chosen as the maximal sub-solution to (fT7|) (see the 

user's guide to viscosity solutions [5]). 

Step 1: Concavity 

We apply a result due to Imbert (see [12]) that we first recall. Denote F the following 

Hamiltonian 

f ^ m) -~7Ttw (i + h 2 ) 3/2 °"7rTff' (p ' } sym 

where Msym is the set of (N — l)-square symmetric matrices. 
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Proposition 3.2 (Imbert's proposition 5 in | I12| ) 

Let u be a lower semi- continuous and epi-pointed function. If u is a supersolution to 

F(Du(x),D 2 u(x)) = 0, iGR 1 " 1 
then, so is its convex envelope. 

In our context, —(f)* is epi-pointed because of the technical condition ffT9l) . Thus, the 
maximal sub-solution to ( JT7l) is concave (otherwise Imbert's result stated in proposition 
13.21 contradicts the maximal property of 0). Then, is a concave viscosity solution to 

(EH). 

Step 2: Regularity 

Once concavity is at hand, a Lipschitz bound is automatically available from the equation 
(HID itself: 

\D<f)(x)\ <cota, ieR M 

where a G (0, |] is such that cq = csina. Then F becomes uniformly elliptic, thus 
allowing for C 1 ' 1 estimates (see Theorem 4 in [12]). A bootstrap argument then shows 
that the solution is C°°. This concludes the proof of proposition 13. II ■ 

Remark 3.3 Notice that the condition / TTPj) is hidden in the statement of Proposition 9 
in F7||/. Thus, the proof of Proposition 5 in IW^ uses Proposition 9. 

It now remains to find sub and super-solutions to (TT71) . 

4 Sub-solution 

In this section we build smooth sub-solutions to the forced mean curvature equation ( fT71) 
as global solutions to a viscous eikonal equation and we do believe that they are really 
close to the desired solutions. 

4.1 Sub-solutions as solutions to a viscous eikonal equation 

We have the following 

Lemma 4.1 (Sufficient condition for a sub-solution to ( TTTl) ) 

Fix a E (0, |]j c > and c = c /sina. Let 0* be a concave smooth solution to 



(20) - A0* = C ° S ^ na (cot 2 a - \D<P* | 2 ) , xe 
such that 

(21) \D<f>*{x)\ <cota, xeR N ^ 
Then 0* is a smooth sub-solution to equation ([171) . 
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)7V-1 



Proof of Lemma 14.11 

Let 0* be any concave function verifying f[2"U)) and (12~T)) . Since 0* is smooth and concave, 
we have 



vV[0*] := - div - 7* ; = + c 



A0* £) 2 0*W*,^0* 



+ c 



<-— J== (-A0, + coVl + l^*! 2 - c' 
a/1 + LD0r v ' 



From ( 12TI) and cq = csina, we deduce that 



cot 2 a-|L>^| 2 = (-] - (Vl + I^*! 2 ) 2 

<-(-- y/i + \d<j>A 

Co \ c o / 

Using equation ( 1201) satisfied by 0*, we get 

jvu j < x f £ _ v/i + 1^0 j2^| f ?££° _ Co ^| = o. 

[VM " v/l + \D4>^ \c V ' V *' J Vco 2c V 
Thus, 0* is a sub-solution to ( fTTj) . ■ 

As it is well-known, equation ( 120)) is readily transformed into a linear one by the 
Hopf-Cole transform 

c sin a ± ( 2x \\ _ Tmjv-i / 7r 



\ 2 \c cos a J J 1 

where 0* is a positive solution to 

(22) - A0,(x) + 0,(x) = 0, iGl^ 1 

From [2], a positive solution 0* to (1221) has the form 

0*0) = / e^d/ifV), a; 6 

where /x is a non negative measure on E> N ~ 2 with finite mass. 



JV-l 



Now, for any non negative measure fj, on the sphere S , let us define 

, / f e o c ° aa ^., / , , x \ _ ™at-i - ( ~ 7r 



(23) 0*(x) = : In / e^^ x - u dfi(u) , lei^ 1 , a G 0, - 

co sin a \J§N-2 J V 2 

By construction, 0* is a smooth solution to ( 120]) . Let us now prove that 0* is a sub-solution 
to equation ( ITT)) , with all the requirements. 
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Lemma 4.2 (Inequalities for the derivatives of </>*) 

Let a be a non negative measure on E> N ~ 2 with finite mass, a £ (0, | ], Cq > and 
c = Co/ sin a. Define <ft* as in (1231) . Then 0* is a smooth concave solution to l[W)\) and its 
gradient is uniformly bounded, that is to say, for any (x, £) £ M^ -1 x M^ -1 , 

(24) \D(j)*(x)\ < cot a, £> 2 0*O)(£,£) <0 

Proof of Lemma 14.21 

Let \x and 0* be so denned. We have 

D0,(a;) = -(cot a) ^M x £ R N ~ l 
Fi(x) 

where for any continuous (scalar or vector) function / defined on S^ -2 



en cos a. 

e ~ 

JV-2 



F f {x)= e^»/(^d^) 



Remark that if we define for some fixed x £ R N 1 , $§ N - 2 f{v) dfi x (u) = pTl , then \i x 

is a probability measure on S^ -2 . We can then apply Jensen's inequality to the convex 
function y \- > \y\ 2 . This gives 



(25) 



Ff(x) 



Ftix) 






2 

/ /Mdft, < / \f(v)\ 2 <tp. 



2 Att - r \f\ 

X 



F\f\2(x) 



F l (x) 



for any continuous function / defined on S N ~ 2 . Applying this inequality to f{y) = v, we 
get the desired bound on the gradient of 0*: \D(f)*(x)\ < cot a. 

Regarding the concavity property of 0*, we use the same type of arguments. Indeed, 
for any £ £ R^ -1 and x £ R-^ -1 , we have 



Co cos 2 a I Fp (x) 



D'M^mO 



2 sin a \ iq(x) 




where / is the continuous function defined on E> N ~ 2 by f{y) = v ■ £. Applying again 
Jensen's inequality ( |25|) . we conclude that -D 2 0*(:c)(£,£) < for any £ £ R^ -1 and 
x £ M. N ~ X which shows that 0* is concave. ■ 
Finally, we proved the following proposition: 

Proposition 4.3 (Existence of a sub-solution to ( TT7|) ) 

Fix a £ (0, |], Co > and c = co/sina. Let u be a non negative measure on E> N ~ 2 with 
finite mass. Define 0* as in (123]) . Then, 0* is a smooth concave sub-solution to f|T7|) . 

Remark 4.4 The way we choose the measure u is decisive in the asymptotic behaviour 
of the sub-solution 0* built as in proposition \4-3\ Indeed, if we want the subsolution (and 
hence the solution) to the mean curvature equation f|T7|) to follow asymptotically some 
given solution 0^ to the eikonal equation ffTUl) . we will have to choose the measure fi 
carefully. In that procedure, information collected in section^ will help. 

Of course, it will be also very interesting to assess whether each sub-solution built with 
a general probability measure gives rise to a solution to the mean curvature equation (Q3~ 
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5 Super-solution 



A natural super-solution to the forced mean curvature equation (jT7|) is a viscosity solution 
</>oo to the eikonal equation (jTUj) . Indeed, 0^ satisfies (in the distributional and viscosity 
sense) 



- div I - ~ r "" I + C - ; > , X G R^" 1 



'oo 



However, this super-solution does not satisfy the right comparison with the previous sub- 
solution 0*. For instance, if N = 3, 0oo is the radially symmetric viscosity solution to 
the eikonal equation fliop and 0* the sub-solution associated with the Lebesgue measure 
u — d# on [0, 2tt] as in (|2"5|) . then we can compute the asymptotic behaviour of both 
functions 0^ and 0* for x G M 2 with |x| large enough using Laplace's method (see 
appendix [8]). We then observe that the sub-solution 0* is above the super-solution 0^ in 
this area. This contradicts the crucial assumption 0* < 0* on M 2 in the Perron's method 
(see proposition 13. ip . 

5.1 Super-solutions as infimum of hyperplanes 

Since we do believe that the sub-solution is close to the viscosity solution to the forced 
mean curvature equation (JTTJ) at infinity, we prefer to change the super-solution. In the 
general case of dimension N, we use the countable characterisation of the solution 0^ to 
the eikonal equation ([TO]) that we want to approach (see proposition I2.3J) . 

Proposition 5.1 (Existence of a super- solution to (HTTP ) 

Fix a G (0, |], Co > and c = Co/sina. Choose 0^ a 1 -homogeneous solution to the 
eikonal equation (ITU1) . Define (^)j £ n #ie sequence ofE> N ~ 2 given by its countable charac- 
terisation in proposition \2.3l 

For any sequence (Aj)j £ n such that A« > and J2im -^ < +°°> we se ^ 



0i(x) = —(cot a) x ■ Vi In Aj , i G N , iG 

c sin a 



)JV-1 



(x) = inf 0j(x) , x G 



jJV-l 



and 



Then, 0* zs a concave continuous super- solution to ([T 

Proof of Proposition 15.11 

Since 0» are exact solutions to the forced mean curvature equation ( ITTtl . it is clear that 
0* is a super- solution to that equation. As the infimum of affine functions, it is concave 
and continuous. ■ 

Remark 5.2 This construction is very easy. However, it is not clear whether the techni- 
cal condition (fW\i is satisfied or not. It is even clear that when the set o/{z/j}j 6 ^ is finite 
of cardinal less or equal to N — 1, this condition is NOT verified. We will see later (see 
Step 4 of the proof of theorem \l.l\) how to modify the sub- and super- solutions in order to 
satisfy condition (Tl9|) and then pass to the limit to recover the general case. 
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Remark 5.3 In the case when the set {^}i e N is infinite, the convergence of^2 \ forces 
(Aj)jgN to go to zero and the sequence (— lnAj)j e ^ grows as i goes to infinity. 

6 General existence results 

Now equipped with sub and super-solutions as well as a Perron's method, we are able to 
prove existence results. The general case in dimension N > 2 is the easiest one since the 
asymptotics is less precise. Let us explain our ideas in details depending on the degree of 
precision we want to obtain in our construction. 

Let JV6N\{0,l},aG (0, |], cq > and c = cq/ sin a. It is worth noticing that some 
of our constructions do not work for a = ir/2. However, this case is obvious and leads to 
planar fronts. Therefore, we restrict ourselves to a G (0, |). 

6.1 Proof of Theorem 11.11 

Step 1: Sub and super-solutions 

Choose 0oo a 1-homogeneous continuous viscosity solution to the eikonal equation ( TlOl) in 
IR^ -1 . By proposition 12.31 there exists a sequence (z^)j 6 n of S^ -2 such that 

0oo(^) = inf —(cot d)vi ■ x 
Let [i be the probability measure on S^ -2 be defined as 

where (Aj)j 6 n are chosen so that Aj > and 5^i=o A* = 1. 

Build the sub-solution 0„ as in (1231) with the above measure /x. Then by proposition 14. 3[ 
</>* is a smooth concave sub-solution to the mean curvature motion equation (fTTj) . Build 
a concave continuous super-solution <ft* by proposition 15.11 as the infimum of hyperplanes 
where the (Aj) ie pj and (z^gN are defined by the choice of /i. For any x G M^ -1 , 

'+0O 

Z , / 

(X 



I « ■* ca cos a I /, / en cos a 

In VA, e 3 ^— "*•* < : In (A; e^s-"*' 

\ Z— i I c n sin a \ 



Cn sin a \ * — ' / Cn sin a 

u \i=0 / 

Since the last inequality holds for any % G N, we have 

0*(^) < inf I — (cotcuWj • x In Aj ) = inf (frAx) = 4>*(x) 

ieN y Co sin a J ieN 

and the super-solution 0* is above the sub-solution 0*. 
Step 2: Asymptotics of sub and super-solutions 

Let us now precise their asymptotics: we claim that as |x| goes to infinity 

(26) 4>*(x) = 0oo(x) + o(\x\) and 4>*{x) = 0oo(^) + o(\x\) 
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To prove such a claim, the idea is to compare 4>oo{x) with the limits as e goes to zero of 
E(j)*(x/e) and e<jf{x/e). In particular, we will prove the sequence of three inequalities: for 

any x G R 1 *' 1 

(27) </>oo(^) < lim £0* (x/s) < \iiae(j)*(x/e) < 0oo(^) 

e— >0 e— >0 

which proves the desired claim ( 1261) . 

The first step of the present proof leads easily to the second inequality in (1271) since 
0* < 0* on IR^ -1 . As far as the first inequality is concerned, we have for any jgN and 
x G R*" 1 , 

\x • Vi\ = \x\ cos(9 x — 6i) < \x\ cosS x 



where S x is the angular distance between x/\x\ and K : = Uj e N{^} • Thus, 



c sm a V / 

= — (cot a)\x\ cos5 x = inf —(cot a) x ■ v = 4>oo(x) 

where /^(S^ -2 ) = £\ Aj = 1. Thus 0^ < 0* on M^" 1 and the homogeneity of 0^ gives 
the first inequality of ( 12"T|) . 

Regarding the last inequality in (12"T|) . we know that for any x G K^ -1 , 

2 

0*(x) < 0i(x) = —(cot a) x ■ Vi In Aj 

c sm a 

Since \im £ ^ ecj)i(x/e) = —(cot a) x ■ z/j, it is clear that 

lim edf I — ) < inf —(cot a) x ■ v, t = 

e-s-0 \eJ JSN 



[X 



This ends the proof of the three inequalities (J27J and hence of (12T)|) . 
Step 3: Existence of a solution 

By proposition 13.11 there exists a function G [0*,0*] viscosity solution to ( TTTJ) and by 
the previous step, verifies the right asymptotics 

0(x) = 0oo(x) +0(|x|) 

However, in the statement of theorem 11.11 we claim that there exists a smooth concave 
solution to (TT7|) and the above construction does not provide such information. By propo- 
sition 13.11 the regularity and concavity of the solution are at hand if the super-solution 
0* satisfies the technical assumption f lT9|) . If it does not, we will first modify the sub and 
the super-solutions in order to satisfy (fT9l) . then get a concave solution, and in a last step 
pass to the limit to find a solution (still concave) between 0* and 0*. 
Step 4: Regularity and concavity 
Let us consider for any e > 

A en cos a \ at i 



(28) 0:(x) = — hi / e- J ^- x - v dfi e (u) , XG 

c sm a Vis^- 2 
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with /i e — ]jl + e\i\ where 

N-l 

± i=i 

denoting (e^jg-n.^jv-u as the canonical orthonormal basis of M^ -1 . In the same way, we 
define 

/ 2 2 

& £ *{x) = inf — (cot a) x • Vi In Aj, — (cot a) x ■ (±e,-) hie 

ie®, j=i...n-i, ± \ c sin a c sina 

Then, <pl is a sub-solution, e * is a super-solution and <pl < <ft e *. It satisfies ( TT9]) for 
any £ > and for p = 0. By proposition 13.11 there exists a concave smooth solution £ 
satisfying equation (fT7|) . with e being (cot a) - Lipschitz such that 

€(x)<(j) e (x)<(j) e *(x), xeR"- 1 

Finally, we take the limit as e goes to zero. The sub-solutions £ go to 0*. The super- 
solutions <p e * converge to <j)*. This follows from the expression of super-solutions as an 
infimum of hyperplanes, those associated to the e weights going to +oo. Moreover by 
Ascoli's theorem, (0 £ ) £ >o converges (up to a subsequence) to some concave and (cot a) - 
Lipschitz function 0° solution to (TT7|) and satisfying 

0* < 0° < 0* 

Again a bootstrap argument shows that 0° is smooth. Therefore, 0° is the intended 
solution to the mean curvature equation (TlTl) . ■ 

6.2 Proof of Theorem [L2] 

Step 1: Existence of a solution 

Choose 0* the viscosity solution to the eikonal equation (ITU]) given by 



(29) 0*(^) = inf ( — (cot a) x ■ v + 7„) , iG 



t,N-l 



where A — {ui, . . . , up.} is a finite subset of the sphere S^ 2 , k £ N* and 7^ are any given 
real numbers. We build a sub-solution 0* as in proposition 14.31 



cr, cos Ck 1 at -1 



(30) 0*(x) = : In V A, e 

Co sin a \ *—* 

where A» is determined by the relation r y u . = ? — In A* for i = 1 . . .k. Let us notice 

' j ' "» Co sin o * 

that in the particular case when A is finite, the super-solution built in proposition 15.11 
coincides with the solution 0* to the eikonal equation. As in section 16. 1[ 0* < 0* and the 
assumptions of proposition 13.11 i) are satisfied. Thus, there exists a function £ [0*,0*] 
viscosity solution to ( 1 1 7|) . Dealing as in section IBTTI step 4, we can even find a smooth 
concave solution still denoted £ [0*, 0*]. It now remains to study 0* — 0* to get a precise 
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asymptotics of the solution 0. 

Step 2: Asymptotics (first line of ([5])) 

Setting 

2 

4>Ax) = —(cot a) x ■ v i In Aj 

c sin a 

we have 

2 [* c 0S in^., A 2 / -^l.n 



x 



In Ve-^W') > f_ln fee 2 V«=W 



cn sm a \ * — ' / en sm a 

\ j=i / 

In ffce- 3 ^*-^)) = 0*(x) 



c sm a v / c sm a 

This implies in particular that 

9 In £■ 

(31) - -^- < 0, - 0* < 

c sm a 

which shows the first line of (JSJ). 

Step 3: Asymptotics (second line of ([8])) 

We now notice that the set E^ of edges (where 0^ is not C 1 ) is characterized by 

Eoo = < x G M. N ~ l , max x ■ u = x ■ u io = x ■ v^, with u io ^ u^ and (z/ io , z/jj G A 2 
For each index %q G {1, ..., fc}, let us denote the convex set 

Ki Q = <iGK ~ , x ■ Ui = max x • ^ 



V iQ - Vj'j 



Then 

For x G Int(iCj ), let a;^ G dK io C -Eqo such that 

dist(a;,E 00 ) = |x - x^J with x ix G (z/ io - z/jj" 1 . 
For j 7^ io, we define the orthogonal projection of x on (u io — Uj) 1 - as 

x j = Proj l{v . o _ Uj) 4x) 
In particular |x — Xj\ > \x — a^J. Moreover 

\X Xj) • \Uj ^lo/ ' "^ ' ^*0 "^ ' ^io \ j ^ioW^ •Ej] 

< x ■ u io — 5 dist(x, Eoo) 
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with 

5 = min | v — v' | > 

v^v', v,i>'eA 

Therefore 



>*(£) = — In Y^ Aje 

Co sin a » ^^ 



c 0< 
. i=l 



> 



Co sm a 
and then for x G A',-,,, we have 



In (j^e 3 ^ ( x -^~ s dist^^A 



HO) 



(x) > 0Jx) > 0*(x) : In 1 + > -^e~ 

c ana f-f' X io 






Xj cacoaa ^ dist (!,£„) 



This shows that 



lim sup |0*(x) — 0*(x)| =0 

^ +00 dist(x,s 00 )>« 



which implies the second line of (jHJ). 
Step 4: Uniqueness 

To end the proof of theorem 1 1.2 1 it only remains to prove uniqueness of the above smooth 
solution to the mean curvature equation ([3]) with the prescribed asymptotics given by 
0*. Let and be two solutions to fl3]) with the asymptotics flS}. Let 

e := inf {e' > | Vx G M^" 1 , 0(x) + e' > 0(x)} 

then for any x G M^" 1 , 

0(x) + 5 > 0(x) 

and there exists a sequence of points (x n ) n such that 

0(^n) + £ — 0(^n) — ^ as n goes to infinity 
Let us define for any x G M^ -1 

n (x) = 0(x + X n ) - 0(x n ), 
n (x) = 0(x + X n ) - <f)(x n ) 

Then, up to the extraction of a subsequence, we have as n goes to infinity 

— > 0_ and d> — > 



n ' t^oo 



-n — oo 



with a uniform convergence on any compact sets of R 1 . Moreover 0^ and solve 
equation d^J) and satisfy 



-OG 



+ e > 0^ with equality at x = 
21 



From the strong maximum principle, we deduce that for any x G M. N 1 , 

(32) oo (x)+e = 0jx) 
Let us now assume that e > 0. Because we have 

EooC |J (z/ - i/') 1 =: £00 

we deduce that there exists C > such that for any i? > 1 and any x G M^ -1 , we have 

(33) sup dist(y, -Eqo) > sup dist(y,E 0O ) — R sup dist (y, Eoo) > CR 

y<=B R (x) y&B R (x) yelhJxjK) 

with 

C— inf I sup dist(y,E 



We easily check by contradiction that C > 0. Therefore by (|HJ), let us choose R large 
enough such that 

sup \<f>(y)-<f>*(y)\ < j for <t> = ~4>A 

dist(3/,S 00 )>CR 



Then using (J33l) . we get for some y n G Bn(x n ) with dist(y n , E'oq) > Ci?, 

inf \4(y)-4(y)\ < \~4>{y n ) - ±{y n )\ < \~4>(y n ) - </>*(y n )\ + \<j>*{y n ) - ±{y n )\ < \ 

y&B R (x n ) * 

This implies that 

y£B R (0) -°° 2 

which is in contradiction with fl32|) . Therefore e = and we get 4>> 4>. By symmetry, we 
also get (f) > 0, which implies = and shows the uniqueness of the solution. This ends 
the proof of the theorem ll.2[ ■ 

7 Proof of further results in dimension N = 3 

In this section, the space dimension is N = 3 and we denote any x G M 2 with its polar 
coordinates (r,9 x ) G 1R + x [0,27r) such that x = r(cosd x ,sm9 x ). 

7.1 Classification in dimension TV = 3 of solutions to the eikonal 
equation with a finite number of singularities 

This subsection gives alternative statement and proof of proposition 12.31 in dimension 
N = 3, in the special case of a finite number of singularities (i.e. gradient jumps). 
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Proposition 7.1 (Classification with a finite number of singularities, N = 3) 

Let a G (0, |], c > and c = Co/sina. Choose (poo a 1-homogeneous viscosity solution 
to the eikonal equation ffTUl) m dimension N = 3 w£/i a finite number of singularities on 
S 1 . T/ien £/ie i. o/ Theorem \1.3\ holds. 

Proof of Proposition 17.11 

From Proposition 12.11 we know that there exists a (non empty) compact set K = 
7" 1 ({0}) C§\ such that 

(34) ^oo^) = inf (—(cot a) v ■ x) 

Thus, for any 9 G [0, 27r), ipoo{9) — (poo (cos 6, sin 6) defines a continuous function with 
values in [— cot a, cot a]. Firstly ^ooix = —cot a. Moreover for any maximal interval 
(a, b) contained in S 1 \K, we necessarily have 

( -(cot a) cos(9-a) if 9 G [a, s±*] , 
MO) = I 

( -(cot a) cos(^-6) iiOe [^,6]. 

Therefore (j)^ has a singularity (gradient jump) at 9 = s ^. If ^oo only has a finite number 
of singularities, then we get the characterization of ^oo given in the i . of Theorem 11.31 
This ends the proof of proposition 17.11 b 

Remark 7.2 Notice that without assuming that (p^ has a finite number of singularities 
on S 1 , the set K could be a Cantor set in ( fff^| ). 

Remark 7.3 Notice that the particular function <poo(x) = — (cot a)\x\ is the analogue 
(at the level of the eikonal equation) of the level sets of cylindrically symmetric solutions 
to reaction diffusion equation, constructed in fJl^ by Hamel, Monneau and Roquejoffre. 
Similarly, the particular case where the graph of (p^ is a pyramid is also the analogue of 
solutions contructed by Taniguchi in [Tb^ . 

7.2 Explicit construction of super-solutions in dimension N = 3 

In the particular case N = 3, we construct super- solutions by hand and try to be more 
precise than in section [51 above all when f/'oo is constant and equal to —(cot a) on some 
interval I. In that case, we construct our super-solution by hand. We explain our ideas 
on different elementary pieces that we bring together in the proof of theorem 11.31 to build 
a global super-solution cp* . Those different elementary pieces are: a cone, an edge or 
an arc . 

7.2.1 The cone case 

Lemma 7.4 (Radially symmetric solutions) 

Let (p^ be the viscosity solution to eikonal equation ( TTUjl whose graph is the straight cone 
i.e. <poo{x) = —(cot a) | a; | for x G M 2 . Then, there exists a unique radially symmetric 
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solution <p c (unique up to an additive constant) to the forced mean curvature equation 
(ITTj) . satisfying 

(f>' c (0) = and <j) c (x) = 0oo(x) + o(\x\) 

Moreover <p c is concave and \D(f) c \ < cot a. In the case a = vr/2, <p c is zero (up to an 
additive constant). Otherwise, as \x\ goes to infinity, its asymptotics is more precisely 
given (up to a constant C G M.) by 

1 ^2 — 3 sin 2 a „ / 1 \ , n 



(35) 4> c (x) = -(cota)\x\-\ : In \x\ + C + 2 . ,_ , , r + Q 1 — ^ , « ^ r 

Co sin a CoSin(2a;)|x| \Fr/ 2 

Moreover, let (ft* be the sub-solution defined by (1231) wit/j /i = Tp- and iV = 3. Fzx C such 
that C = C := n e sin°a" ' ^ en ^ or an y x e -^ 2 ' ^c(^) > 0*(^) ant ^ as |x| goes to infinity 

(36) c (x)=0*(x)+O 



Proof of Lemma 17.41 

This result is proved using quite classical methods. The proof is sketched for the reader's 
convenience. With a slight misuse of notation, we denote in the case of radially symmetric 
solutions <f) c (x) by C (M) = 0c( r ) with r = \x\> 0. Then, equation ( ITT)) reads 

~— " -TTTH + Co Vl + ^ 2 - c = , r>0 
r 1 + C 

Thus, 0c satisfies an ODE involving only its first two derivatives and it can only be defined 
up to constants. Setting v = (f>' c , we get 

(37) v' = (1 + v 2 ) (coVl + v 2 -c- -):=(! + v 2 )g(v, r) , r>0 

The proof of lemma EH now reduces to the study of this ODE (existence, uniqueness and 

asymptotics) . 

Step 1: Existence 

Since for any r > 0, g(0,r) < and g(vo(r),r) = where 

r 2 -r 2 
v (r) = °° <0, 

f + c ^ + c 2 -c 2 

v = is a super-solution and v = v is a negative decreasing sub-solution to the ODE 
()3"Tj) . Thus, for every r*i > 0, there exist r 2 > r x and a solution t> G C 00 ((r 1 ,r2),lR) to the 
ODE v 1 = (1 + v 2 )g(v,r) satisfying Vq < v < for any r G (ri,^). Moreover we have 
9v( v , r ) < for f G [fo, 0], and then we conclude that 

(38) v < for r G (ri,r 2 ) 

Step 2: Qualitative properties 

Since for any r > 0, t>o(?") G (— cot a, 0), the bounds of v(r) by fo(^) and zero force v to 
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1 3 sin 2 a — 2 _ , 

—r — r + 2 • To \ 2 + °\ 

Co (sm a Jr CoSin(2a)r z ' 


'1 
^r 3 


for C up to constants. 





exist globally for r > 0. Moreover, as limWr) = 0, v satisfies the same limit and we can 

extend v to by continuity as v(0) = 0. This proves that v is a global smooth solution to 
(1371) with initial condition v(0) = 0. Thus it is easy to check that any primitive function 
<p c to v is a smooth radially symmetric solution to (IT7|) satisfying 0' C (O) = 0. From (158]) . 
we conclude that C is concave. 
Step 3: Asymptotics 

Since v is strictly decreasing on M + and bounded from below, it converges to a finite limit 
— cot a < I < as r goes to infinity. Since v is uniformly bounded in [— cot a, 0], I must 
satisfy g(l, +oo) = which leads to / = — cot a. 

Linearising equation (157]) around —cot a, we set w = v + cot a. As w is uniformly 
bounded on R + and goes to zero at infinity, equation (157]) reads 

w'(r) = —c (cot a)w + g(w, r) , r > 

where g(w,r) = 0(w 2 ) + 0(l/r) as r goes to infinity. By the Duhamel's formula, w 
follows exponentially fast the behaviour of the slowest term of g. Thus w ~ C/r as r goes 
to infinity and a straight calculation gives C = l/(c sina). Repeating this method up to 
order 2, one gets 

v(r) = — cot a + 

This gives the desired asymptotics for 
Step 4: Uniqueness 

Let (f) l c and </> 2 be two smooth radially symmetric solutions to (fTTj) . From step 3, we know 
that they satisfy the same asymptotic expansion as r goes to infinity and we assume the 
constants C are the same. Since <pl — §\ solves an elliptic equation with smooth coefficients 
and no zero order term, the classical maximum principle applies. Hence (j) l c — cj) 2 c = be- 
cause lim r _ >0O (^ — (ft 2 .) (r) = 0. This proves the uniqueness of C up to constants. 

Step 5: Comparison with 0* 

Using Lemma 18. 1[ we can check ( 156]) with the suitable value of the constant C = Cq (see 
for instance the computation (144]) with Nq(x) — \j ^pK). Finally, using the comparison 
principle (as in Step 4), we deduce that 0* < <p c . This ends the proof of lemma EH ■ 

7.2.2 The edge case 

Lemma 7.5 (Edge super- solution) 

Assume 0* is given by (125]) where the measure u is the sum of two Dirac masses 

with Xi > 0, 9i G [0, 27r) for i — 1, 2 such that 6± < 62 and Sg t the Dirac mass in 9i. In the 
case a ^ tt/2, define <p e for any x el 2 by 

2 

(39) 4> e ( x ) — miri-{pi(x) , P2(x)) with pAx) = —(cot a) x ■ v sl InAj 

Co sin a 
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where Vi = (cos 9 i, sin 9 i). Then, <p e is a Lipschitz and piecewise smooth global super- 
solution to (fT7|) verifying <p t . < <p e on R 2 . Moreover, as \x\ goes to infinity, 

(40) <f) e {x) = 0*Oz) + O(l) , xGR 2 

Proof of Lemma 17.51 

Notice first that <p e = <fi* with <p* defined as a special case of Proposition 15.11 This shows 
that e is a concave (Lipschitz) supersolution. Finally (140)) follows from (l3"Tj) . This ends 
the proof of the lemma. ■ 

7.2.3 The arc case 

Here we wish to describe a super-solution to (fTTj) which, from above, looks like an arc, 
i.e. is made up of two non parallel straight lines connected by a circle. 

Lemma 7.6 (Arc super- solution) 

Assume </>* is given by (I2"3"j) where the measure fi is the sum of two Dirac masses and a 
Lebesgue measure 

V> — ^[01,0 2 ] = ^dl + ^92 + ^(01,02) d#, 

w/iere A > ; 0, G [0, 27r) for i — 1,2 and 8 1 < 9 2 . 

Define <p e as in the edge case (139]) with Ai = A2 = A. Define <p c as in the cone case 
(lemma [7^ ) where the constant C G R in (1331) zs chosen such that C (O) = e (O) = 



In A. 



Co sm « 

Finally, define (p a on R 2 by 



: In A if x = 

(41) Vx G R 2 , a (x) = <; mi C n ( S ^ ( ") 5 0e(x)) ^ ^, 6 (^ a) 

e (x) otherwise, 



Then <p a is a Lipschitz continuous global super- solution to ( fTTj) . Moreover, as \x\ goes to 
infinity 

<j> a (x) = Mz) + 0(l) 

The shape of </> a is sketched on Figures fTTl2l [33 

Proof of Lemma 17.61 

Step 1: <p a is a global continuous super-solution 

By definition and lemmas [7.41 and I73| <p a is a super-solution to (j!7p where it is locally the 
minimum of supersolutions, i.e. everywhere except on the two half lines 9 X = 0j for i — 1, 2. 
However, we have C (O) = e (O) and D<fi e (x) = — (cot a)ui while 0c( r ) ^ (— cota, 0] for 
any 2 G R 2 with 9 X = 6i, i = 1 or 2. Thus, e (x) < c (x) on a neighborhood M (not 
containing the origin) of the two half lines 9 X = 9i for i = 1,2. This implies <f) a = <p e on 
M and then <f> a is at least a supersolution on R 2 \ {0}. Moreover, a is a supersolution on 
the whole R 2 . Indeed, a = e for 9 X ^ [61,62], then a has a gradient jump along the 
edge 8 — (Q\ + 9 2)/ 2 + 7r up to the origin. And this gradient jump implies that there is 
no C 2 test function touching </> a from below at x = 0. 
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Figure 1: Sketch of (f> a for 9 2 — 0i < n 




Figure 2: Sketch of (p a for 2 — Q\ = tx 

Step 2: Relative positions of <p e and <\> c 

Let us now study the relative positions of both graphs of <p e and <p c . Since </> c (x) G 
(— |x| cot a + </> c (0), C (O)], we have 

Pi(x) = (f) c (x) <^> -r(cot a) cos(9 x - X ) + C (O) = c (r) 

•<=>• 0x = pi ± arccos := 9\ ± tffr) 

\ — r cot a / 

where 0(0 G (0, 7r/2) for r > (see Figured]). Notice that from the concavity of C , we 
deduce that the set 

{X, pi(x) < C (X)} = {x, ^£[0!- %),0l+%)]} 

is a convex set. Therefore we deduce that 

0e(O < 0c(O «> 0, G [01 - 0», 01 + 0(0] U [0 2 - 0(0, 2 + 0(0] 

and 4> a (x) = <f) c (x) if and only if 9 X G I r = [0i + 9(r), 9 2 — 9(r)]. Since we choose <j) c such 
that 0' C (O) = 0, we get 



lim0(O 

r— >0 



7T 

2 



This forces both curves 9 X = 9\ + 0(0 and 9 X = 9 2 — 0(0 to intersect at some point 
(x, 2) 7^ (0, C (O)) as soon as 9 2 — 9i < it. In that case, it is worth noticing that the above 
interval I r is empty for sufficiently small r (see Figures [5|6l) . 
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Figure 3: Sketch of <p a for 9 2 — Q\ > n 

z= (b(x) 



straigth 
cone 



intersection 




z=pj;x) 



= 0+0(r) 



z=0 



Figure 4: Intersection of z = —(cot a) v± ■ x with z 



lx 



On the other hand, using the asymptotics ( l35l) of <p c found in lemma 17.41 we get as r 
goes to infinity 



(42) 



«/ s 1 Inr C (O)-C ^/1\ , 7T 

cos0(r) = l + ^£12^ + — , a^- 

cq cos a r r cot a \r 



where C is the constant given by ( 135]) and fixed by the choice C (O) = </> e (0). 

Step 3: <f>* < (f)a + constant 

Let 0* be the sub-solution given by ( 1231) where the measure /i is [i[e 1 ,e 2 \, i-e. with 6 

Co cos a: 



[x 



Co sin a 



In ( Ae^ cos( ^~ ei) + Ae^ cos( ^- 92) 



0-2 



e f cos( 



d0 
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Figure 5: The set I r if 6> 2 — Q\ < tx 




Figure 6: The set I r if 9 2 — Q\ > n 



Each term in the Logarithm being non negative, we have 



(43) 



< 



on 



To prove that <f) a is above the sub-solution </>* up to an additive constant, it remains to 
compare 0* and <p c when 9 X e I r = [9i + 8(r), 6 2 — 0{r)] and r sufficiently large. 

According to lemma 18.11 one gets that for any igR 2 for r = \x\ sufficiently large and 
uniformly in 9 X G [#i, #2] 



(44) 



0*(x) = -(cota)r + 



lnr 



Co sin a cq sin a 



ln($(x)) 



wi th $(x) := ^0. + A^e^^s^^O-i) + A ^: e ^(oo.(«.-fc)-i) + ( ±\ 



where 



N (x) 



e 4 o - 
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as defined in lemma IHTT1 Since g is odd and 9 X G [9i, 9 2 ], we see that 

We deduce in particular that for r large enough and uniformly in 9 X G [9\ , 82] '■ 



2v^ 



Therefore, from the asymptotics (|35l) of C , we deduce that there exist r\ > 0, Ci > 
such that 

(45) Vr > , \/9 x G [0 1} 2 ] , r > n =► 0*(x) < <f> c {x) + Ci 
Now from ( l43l) and ( 1451) . we deduce that (up to increasing the constant C\), 

Vr > , V0, G [0!, 2 ] , r > n => 0,(x) < a (x) + C x 
Step 4: 0* > a — constant 

Case 1: 9 X E I r 

We start with the asymptotics ( 144"]) . Using f|42|) . we see that there exist r 2 > 0, C 2 > 
such that 

Vi = 1, 2 , Vr > , V0 X G J r , r > r 2 =► ^/fef (^(^-^-i) < ^tH^W)- 1 ) < ^ 

Using also the fact that Nq(x) < l/(2^/^T), we deduce that <J> is bounded for r large enough 
and then (up to increasing r 2 and C 2 ) 

(46) Vr > , W x El r , r>r 2 ^ </> m (x) > <f> c {x) - C 2 

Case 2: 6 x e [9 u 9 2 ]\I r 

Let us assume that 9 X G [0i, 9\ + 9(r)) (the symmetric case is similar). Then there exist 

r 3 > 0, C 3 > such that 

Vr > , \/9 x G [0i, 0i+0») , r > r 3 ^ ^ e ^^ifi x -e{)-i) > 0: e ^(coe(5(r))-i) > C 3 > 

Therefore, ( up to increasing the constants r 3 and C3) for any r > and any 9 X G [0i, 0i + 
0(r)), 

r > r 3 ^ $( x ) < C 3 (AVFe^^^-* 1 )- 1 ) + A^e^C--*)- 1 )) 

and then 

^ f, kLr-^ia _«,i , kL„™m _«„■*! 2mC 3 



en sin a I J 



(47) = 4> e {x 



Co sin a 1 J Co sin a 

> ?_ln (^e^^ - 21nC<3 

c sin a V / c sin a 

21n(2C 3 ) 



Co sin a 
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Case 3: 6 X eS 1 ^,^ 

Notice that the set S 1 \[^i,^2] is not empty because 62 — 61 < 2n (as a consequence of 
61,62 G [0,27r)). In that case, we define 



6' m = 6 m — 71 with 6 n 



6^62 



2 
Then, it satisfies 6 2 — 2n < 6' m < Q\. Let us assume that (the other case is similar): 

(48) 6 x e[6' m ,6 l ). 

We also define 

6' x = 6 x + n 

Then we have 

'eT"(M d6= f (...)dd+[ (...)dd 

We have 

Jl0ue 2 }n[e x ,e x ] 
Using (HE]), we also see that 



e 

l,02]\[Wx] 



b f cos{0 x -9) d Q < ^ e ^cos(9 x -0i) 



Therefore, we conclude that in this third case, 



J x ) > ? — ln((A + 27r)e^ cos( ^- ei) + (A + 27r)e i i :cos( ^- e2) " 

Cn sin a I 

21n(^±^) 



c sin a 
(49) > e (x 



Co sin a 



Conclusion 

Putting (146]) . (147|) and (149]) together, we get that there exists a constant C > such that 
for r large enough and uniformly in ^ 6 S 1 . 

4>*(x) > 4> a {x) - C 

The functions 0* and <p a being continuous, the result still holds for any r > (up to 
increasing the constant C). This concludes the proof of lemma [T76l ■ 

7.3 Proof of Theorem IT31 

Step 1: Existence of a solution 

Let a G (0, |], Co > and c = Co/sina. The case a = tt/2 is obvious and we omit it. 
Choose 0oo a 1-homogeneous viscosity solution to the eikonal equation (Tl0|) in dimension 
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N = 3 with a finite number m of singularities. By proposition 17. 1[ the i . of Theorem 11.31 
is already established, and we can consider the measure /i given in the ii. of Theorem 
11.31 Then Proposition 14.31 implies that the function 0* given by OH]) is a smooth concave 
subsolution of (IT7j) . 

If k = 1, 0oo has no gradient jump and the corresponding measure is /i = d# or 
fi = Xo(Sg 1 + Sg 1+27T )- In the first case, we saw in lemma [7T4l that C , to which a suitable 
constant is added, is a smooth solution to ( TT71) with the right asymptotics at infinity. In 
the second one, = 0oo is a suitable solution to ( TT71) . 

We now turn to the case k > 2. For any i G {1, . . . , k}, choose Ao > a given positive 
constant. We have 

P = Yl Pi - & 

3 

with 

(50) fii = 2X (S e . + S 0i+1 ) + Oi %,e i+l) d0 

Let 0J* be the subsolution defined in ([23]) with the measure /i,. If /ij corresponds to an arc 
(<jj = 1), denote 0* the global supersolution defined in lemma [7T61 with A = 2Ao Notice 
that there is a constant C > (that can be chosen independently of the index i) such 
that 

(51) 0*-C<0„<0* + C 

If fii corresponds to an edge (<7j = 0), denote 0* the global supersolution defined in 
lemma [7751 with Ai = A2 = 2Ao, which satisfies in particular (|5"T|) . Finally, define on M 2 
the function 0* as the infimum over % 6 {1, . . . , A;} of 0*. Notice that, by construction, we 
have 

(52) 0*( x )=0*( x ) if kefMH-i] 
We also have in particular 

0* < 0i* < 0* + C < 0* + C =: 0* 
We claim that at infinity 

(53) 0*(x) = 0,(x) + O(l). 

We shall first finish the proof of theorem 11.31 and come back to the proof of that claim 
in a second step. Thus 0* is a global supersolution above the subsolution 0*. Moreover, 
either there exists &i — 1 and then we have (see in particular Figures [TJ [2j |3]) 

(54) there exists p £ K _1 such that limsup ; — ; < 0. 

\x\— >+oo \%\ 

Or ctj = for any i, and condition (1541) is satisfied if fc > 3. The special case k = 2 and 
o"i = (T2 = corresponds to an edge for which we already know the existence of a smooth 
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concave solution, by Theorem 11.21 In the other cases, condition (1511) and Proposition 13.11 
imply the existence of a smooth concave solution <p G [0*, </>*]. 
Step 2: Proof of (USD in the case fc > 2 

Let x G M 2 , then there exists i G {1, . . . , k} such that 9 X G [9i, i+ i\. 
We can write: 

/i = /ij + //j 

where /i; is defined by ( 150]) . So 

(55) supp(^) C 8^(0*, 0i+i) ^0 

Then k >2 implies that 

l x := min {6*,, - { , 9 i+1 - 6 X } < n 
and 

f e fcos(e x -9) d - m < ^ (§ l )e f cos/, < ^) /" £ „( M ^.^ 

is 1 2A is 1 

with 

' ^(0,-0) ^-.^ = 2A eT««(«--*0 + 2A e^ cos ^-^ + a. t t " eS «»(*.-*) d0 
Therefore we have 

c sin a t V 2A / J S i J 

= 0i*(x) : In 1 + 



c sin a \ 2A 

where we have used (151]) in the last line. Using ( 152]) . we see that this implies 
(56) 0*(x) > <f)*(x) - C" for 6 X G [6 t ,6 i+1 ] 

Finally, this implies ( 153]) and ends the proof of theorem 11.31 ■ 

8 Appendix: Laplace's method 

For the reader's convenience, we reproduce here Laplace's method. It investigates asymp- 
totics as r goes to infinity of integrals involving expressions of the form e~ rJ , J denoting 
some given function. Our interest is to find uniform estimates as x = r(cos6 x , sin6 x ) lies 
in a given angle sector [9\ , 62] . The proof develops ideas that can be found for a simpler 
case in [7], chapter 4.5.2 page 204. Lemma 18. II below is only used in Step 3 and 4 of the 
proof of Lemma 17.61 
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Lemma 8.1 (Uniform asymptotics in a sector [9i,9 2 ]) 
Define for any x = r(cos8 x , sin 9 X ) G IR 2 with 9 X G [0, 2n) 

F(x) = A ie ^ co ^^) + \ 2 e b ^ cos ^-^ + f 2 e^^-^)f\6) — 

Je 1 2vr 

where 

i . b = c cos a > 0, \ G R, 9 t G [0, 2n] for i = 1, 2 and 6>x < 9 2 

ii. / G C 1 ([0, 2tt], C) zs 2-K-periodic. 

As r goes to infinity, we have the following asymptotics uniform in the angular sector 

e x e[e 1 ,e 2 ] 

F(x) = A ie ^ cos ^^) + A 2 e^ cos ^-^) + e'-i (^N (x) + ^ 



where 



and 



N (x)= e~ — G[0,l/v^] 



sign(9)^2b(l-cos9) for 9e[-7r,n] 
(57) g(9) 

sign(0)2y/b for 6 GM\[-7r,7r] 

Moreover, there exists a constant C > such that for any i 6 K 2 , i/r > 1 and 9 X G [#i, 9 2 ] 
then \R(x)\ < C. 

Proof of Lemma 18.11 

It is straightforward to check that g defined by ( 1571) is an odd C 3 -diffeomorphism from 
[— 7T, tt] to [-2Vb,2Vb] satisfying g(0) = 0, g'(0) = Vb and #"(0) = 0. We have also 
chosen to extend g to the real line by continuity. However, when we speak about g _1 , it 
has to be understood as the inverse of g on [— n, it]. 
Afterwards, for any x G R 2 , we define 

/° 2 k r\9 f62-9x An 

e l^-,) /( ^ = / e ^- e f(9 + 9 x )^- 

.! 2ix J 6l ~e x llx 

Assume 9 X G [9\, 9 2 \. In order to get a bound on / uniform in the angle 9 X , we fix some 
5 > and set 

g = f e 1 - 9 X ]ie 1 -e x >-ir + 6 r= (e 2 -e x if 9 2 -e x <n- s 

\ —ir + 5 otherwise 1 n — 5 otherwise 

We then cut the integral I into three parts, integrating between 9\ — 9 X and 0*, between 
9* and 9* and finally between 9* and 9 2 — 9 X . We call those three integrals I\, I 2 and I3 
respectively. 
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Regarding I\ and J3, cosO can be bounded in both cases by cos(7r — 5) and / by its 
L°° norm on the compact set [0, 2ir]. Thus, there exists a constant C > such that for 
any x G R 2 with 9 X G [9 U 9 2 ], 

h + h<Ce^ cosiw - 8) 

For sufficiently small 8 > 0, the right hand term decreases exponentially fast and the 
contribution of I\ and I3 in / is exponentially small as r goes to infinity uniformly in 9 X . 
Using the change of variables u = y/rg(9), we rewrite I 2 as 

r , , e^ /-v^*) ^/u\du 
I 2 (x) = — = I e 4 h [ —= — 

where h(t) = f(9 x + g-\t))/^/l - (t 2 /(Ab)) . Since h(t) = h(0) + J* ti(s) ds, we have 

T( , %(f{9 x ) R(x] 

h{x) = e> I N {x) + — 



where A^ is defined as in lemma 18.11 with 9* or 9* when needed, but it only changes the 
desired asymptotics with an exponentially small correction as above. The remainder term 
R is defined as 

R(x)=r2 / e 4 / — ^ds — 

Since /z is smooth, /i' is uniformly bounded on [g{9*),g(9*)] and the bound only depends 
on 5. A straight calculation then shows that there exists C > such that 



r\/rg{8*) u 2 r+00 u2 

R(x) < C / |w|e~^" du < C |w|e~^" dw 

JjralO*') J -00 



-Vrg(Q*) ,,2 /"+oo 

Putting finally ii, J 2 and J 3 together, we get the desired asymptotics. ■ 
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